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Abstract
We analyze the gauge structure of a recently proposed superconformal field the-
ory in six dimensions. We find that this structure amounts to a weak Courant-
Dorfman algebra, which, in turn, can be interpreted as a strong homotopy Lie
algebra. This suggests that the superconformal field theory is closely related to
higher gauge theory, describing the parallel transport of extended objects. In-
deed we find that, under certain restrictions, the field content and gauge trans-
formations reduce to those of higher gauge theory. We also present a number
of interesting examples of admissible gauge structures such as the structure Lie
2-algebra of an abelian gerbe, differential crossed modules, the 3-algebras of
M2-brane models and string Lie 2-algebras.
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1. Introduction and results
The M5-branes arising in M-theory motivate the search for six-dimensional (2,0) super-
conformal non-abelian field theories, which have been shown to exist in [1]. Considerable
progress has been made recently towards the construction of such a theory, following many
avenues of approach. In this paper, we relate the gauge structure appearing in an approach
based on tensor hierarchies in supergravity [2] to various algebraic structures appearing in
the context of categorification, such as Courant algebroids, Courant-Dorfman algebras,
differential crossed modules, differential 2-crossed modules, strong homotopy Lie algebras
and string Lie 2-algebras.
The six-dimensional model of [2] exhibits N = (1, 0) superconformal invariance, and its
field content comprises, besides the usual gauge potential one-form A, also gauge potential
2- and 3-forms B and C, all taking values in a priori different vector spaces. A non-abelian
action of A onto B and C is defined, together with various other algebraic structures on
the three vector spaces. The analysis of [2] led to a list of constraints on these algebraic
structures necessary for closure of the (1,0) supersymmetry algebra and, in some cases,
for an action to be formulated, see also [3, 4, 5]. These constraints can be regarded as
generalizations of the familiar Jacobi identity of Lie algebras. A special case of these
theories contains the G × G-model proposed in [6], to which an action and interesting
solutions have been constructed in [7, 8, 9]. For solutions, such as solitons, in the general
(1,0) model, see [10].
To allow for an interpretation of this (1,0) model in the context of M5-branes, it is
necessary that it describes the parallel transport of extended objects. The latter is known
to be nicely captured by higher gauge theory, see e.g. [11, 12], and we therefore wish to
relate the (1,0) model to higher gauge theory.
A first step in this direction is an analysis of the (1,0) gauge structure. We start by
noting that it forms a differential graded Leibniz algebra. Restricting the (1,0) gauge
structure to an interesting class of examples, we find exact agreement of the resulting
structure with Courant-Dorfman algebras [13]. Moreover, a general (1,0) gauge structure
is a weak Courant-Dorfman algebra in the sense of [14]. We investigate the possibility that
these arise from Voronov’s derived bracket construction [15], unfortunately this does not
seem to be the case.
Weak Courant-Dorfman algebras, and in particular (1,0) gauge structures have a large
overlap with strong homotopy Lie algebras or semistrict Lie n-algebras that replace gauge
algebras in the context of higher gauge theory. We find that (1,0) gauge structures corre-
sponding to Courant-Dorfman algebras form Lie 2-algebras, while many another interesting
classes form Lie 3-algebras or can be extended to Lie 4-algebras. This establishes, at least
in part, the desired relation to higher gauge theory.
To strengthen the link between the (1,0) model and higher gauge theory further, we
continue by studying a number of examples. The connective structure of an abelian gerbe,
which underlies abelian higher gauge theory, is easily identified as a special case of the
gauge potentials of the (1,0) model. Similarly, we discover the gauge algebraic structures
as well as the field content and the gauge transformations of special classes of principal 2-
1
and principal 3-bundles in the (1,0) model, establishing an overlap of the (1,0) model with
strict higher gauge theory. We thus have to conclude that (1,0) models do not allow for
general differential crossed and 2-crossed modules as higher gauge algebras.
Interestingly, we even recover the 3-algebras of M2-brane models as a special class of
(1,0) gauge structures. We pointed out such a link between M5- and M2-brane models
already in the context of crossed modules [16], which is expected because at least the
BPS subsectors of the two kinds of models seem to be linked by Nahm-type transform, cf.
[17, 18].
We briefly comment on a number of further examples. First, we show how to recover
both the gauge algebra as well as the action of gauge transformations of the G× G-model
proposed in [6] from the (1,0) model. Then we show that two canonical examples in higher
gauge theory, the string Lie algebra of a simple Lie algebra and the Chern-Simons Lie
3-algebra of u(1) both form (1,0) gauge structures. Finally, we consider the two extreme
examples of Courant-Dorfman algebras.
An interesting open question remaining is the comparison of the equations of motion of
the (1,0) model to the superconformal (2,0) equations that can be obtained from a twistor
construction, cf. [19, 20, 21, 22]. However, the fact that the (1,0) model makes use of struc-
tures that are only accessible in the semistrict case suggests that the twistor constructions
should first be extended to principal 2-bundles with semistrict gauge 2-algebras.
This paper is structured as follows. In section 2, we review the (1,0) model and its
underlying gauge structure to the extent necessary for our analysis. In section 3, we show
that (1,0) gauge structures form differential graded Leibniz algebras, which are given by
weak Courant-Dorfman algebras. It is then shown in section 4 that these weak Courant-
Dorfman algebras form certain strong homotopy Lie algebras. Examples of (1,0) gauge
structures that are closely related to higher gauge theory are then discussed in detail in
section 5. An appendix recalls some basics on strong homotopy Lie algebras.
Remark. While finalizing the draft of this paper, we became aware of the upcoming work
of Sylvain Lavau, Henning Samtleben and Thomas Strobl [23] on closely related topics.
2. The (1,0) model
In this section, we will briefly review the recently derived superconformal field theories in
six dimensions with N = (1, 0) supersymmetry [2]. We will focus on the gauge structure,
but also list the field content, gauge transformations as well as the equations of motion.
2.1. (1,0) gauge structures
Consider two vector spaces g and h together with two linear maps g : g∗ → h and h : h→ g,
where g∗ denotes the dual of g. Demanding that h ◦ g = 0, we obtain the chain complex
g∗ g−→ h h−→ g . (2.1)
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We will denote elements of g∗, h and g by λ, χ and γ, respectively. Assume that we have
further bilinear maps
f : g ∧ g→ g , d : g g→ h , b : h⊗ g→ g∗ . (2.2)
We also have the dual maps
g∗ : h∗ → g , h∗ : g∗ → h∗ , (2.3)
and, by considering one of the arguments as a parameter,
f∗ : g× g∗ → g∗ , d∗ : h∗ × g→ g∗ . (2.4)
We demand that all these maps satisfy the following equations1 [2]:
2(d(h(d(γ1, γ(2)), γ3))−d(h(d(γ2, γ3)), γ1)) = 2d(f(γ1, γ(2), γ3))−g(b(d(γ2, γ3), γ1)) , (2.5a)
d∗(h∗(b(χ, γ2)), γ1) + b(χ, h(d(γ1, γ2))) + 2b(d(γ1, h(χ)), γ2) =
f∗(γ1, b(χ, γ2)) + b(χ, f(γ1, γ2)) + b(g(b(χ, γ1)), γ2)
(2.5b)
and
h(g(λ)) = 0 , (2.5c)
f(h(χ), γ)− h(d(h(χ), γ)) = 0 , (2.5d)
f(γ[1, f(γ2, γ3]))− 13h(d(f(γ[1, γ2), γ3])) = 0 , (2.5e)
g(b(χ1, h(χ2)))− 2d(h(χ1), h(χ2)) = 0 , (2.5f)
g(f∗(γ, λ)− d∗(h∗(λ), γ) + b(g(λ), γ)) = 0 . (2.5g)
We will refer to such a structure, i.e. a chain complex (2.1) together with maps (2.2)
satisfying (2.5) as a (1,0) gauge structure.
As an initial remark, note that the map f : g ∧ g → g is very similar to a Lie bracket
on g, with (2.5e) showing the failure of the Jacobi identity to hold.
Equations (2.5) guarantee that there is a Lie algebra A isomorphic to g as a vector
space that has the following two representations on g and h:
ρ(X) B γ = −f(X, γ) + h(d(X, γ)) , (2.6a)
and
ρ(X) B χ := 2d(X, h(χ))− g(b(χ,X)) (2.6b)
for X ∈ A. The representation on g also induces a representation on g∗,
ρ(X) B λ = f∗(X,λ)− d∗(h∗(λ), X) . (2.6c)
1Here and in the following, we use (· · · ) and [· · · ] to denote weighted symmetrization and antisym-
metrization of the enclose indices.
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All the representations satisfy the relation2
[ρ(X1), ρ(X2)] = ρ(−f(X1, X2) + h(d(X1, X2))) = ρ(−f(X1, X2)) . (2.7)
Finally, all the maps introduced above are invariant under the action ofA because equations
ρ(X) B d(γ1, γ2) = d(ρ(X) B γ1, γ2) + d(γ1, ρ(X) B γ2) , (2.8a)
ρ(X) B b(χ, γ) = b(ρ(X) B χ, γ) + b(χ, ρ(X) B γ) , (2.8b)
ρ(X) B h(χ) = h(ρ(X) B χ) , (2.8c)
ρ(X) B g(λ) = g(ρ(X) B λ) (2.8d)
are equivalent to (2.5a), (2.5b), (2.5d) and (2.5g), respectively. Furthermore, the invariance
of f implies (2.5e).
To analyze the above equations further, one can choose a convenient basis for g and h,
in which either the map g or h is diagonal as was done in [3].
If one demands that the (1,0) model allows for an action principle, one has to require
in addition that there is a nondegenerate bilinear form (·, ·)h on h, which induces a linear
nondegenerate map m : h → h∗ with m ◦ m∗ = m∗ ◦ m = id. Furthermore, the following
conditions have to be satisfied:
g(λ) = m∗(h∗(λ)) , (2.9a)
b(χ, γ) = 2d∗(m(χ), γ) , (2.9b)(
d(γ1, γ(2), d(γ2, γ3))
)
h
= 0 . (2.9c)
Below, we will impose the additional relations (2.9) only if explicitly stated.
2.2. Field content
The field content of the superconformal (1,0) theory is given by a gauge potential one-form
A taking values in g, a two-form potential B taking values in h and a three-form potential
C with values in g∗. Their curvatures read as
F = ∂A− 12 f(A,A) + h(B) , (2.10a)
H = DB + d(A, ∂A− 13 f(A,A)) + g(C)
= ∂B + 2d(A, h(B))− g(b(B,A)) + d(A, ∂A− 13 f(A,A)) + g(C) , (2.10b)
where, to avoid confusion with the map d : g  g → h , we will use ∂ for the exterior
derivative throughout this paper, e.g.
∂A := ∂[µAν]dx
µ ∧ dxν . (2.11)
2Note that equations (2.6) and (2.7) define the Lie algebra A only up to representations. Unless one of
them is faithful, there is no unique Lie algebra structure on A that could be reconstructed.
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The covariant derivative acts by D = ∂+ ρ(A) B and, in our notation, maps acting on the
(1,0) gauge structure do not act on the form part of the fields, e.g.
f(A,A) := f(Aµ, Aν)dx
µ ∧ dxν . (2.12)
Infinitesimal gauge transformations are parametrized by a function α taking values in
g, as well as 1- and 2-forms Λ and Ξ with values in h and g∗, respectively. Their action on
the potential forms are
δA = Dα− h(Λ) ,
δB = DΛ + d(A,Dα− h(Λ))− 2d(α,F)− g(Ξ) ,
δC = DΞ + b(B,Dα− h(Λ))− 13b(d(Dα− h(Λ), A), A) + b(Λ,F) + b(H, α) + . . . ,
(2.13)
where . . . represents further terms in the kernel of g. Later, we will find it useful to use a
shifted version of these gauge transformations. Taking the shifted parameters (α,Λ,Ξ)→
(α,Λ + d(α,A),Ξ− b(B,α) + 13b(d(α,A), A)) we obtain
δA = ∂α− f(A,α)− h(Λ) ,
δB = ∂Λ + d(A, h(Λ)) + g(b(Λ, A))− d(α, h(B)) + g(b(B,α))− g(Ξ)
− d(α,F) + 16(d(f(A,A), α) + 2d(f(A,α), A)) ,
δC = ∂Ξ− b(∂B, α) + 13(b(d(α, ∂A), A)− b(d(α,A), ∂A))
− b(g(Ξ− b(B,α) + 13b(d(α,A), A))), A)
+ b(B,−f(A,α)− h(Λ))− 13b(d(−f(A,α)− h(Λ), A), A)
+ b(Λ + d(α,A),F) + b(H, α) + . . . ,
(2.14)
where we used (2.5g) and (2.5a) in the form of
d(A, f(A,α)− 3h(d(A,α))− d(α, f(A,A)) = g(b(d(α,A), A)) . (2.15)
2.3. Bianchi identities and extended complexes
By construction, the field strengths satisfy the Bianchi identity
DF = h(H) . (2.16)
Furthermore, demanding that
DH = d(F ,F) + g(H(4)) , (2.17)
for some four-form H(4), defined up to terms in the kernel of g, leads to
DH(4) = b(H,F) + . . . , (2.18)
where . . . again represents terms in the kernel of g.
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This process can be continued by extending the complex3
l
k−→ g∗ −→ h −→ g , (2.19)
and defining a five-form H(5) ∈ l such that
DH(4) = b(H,F) + k(H(5)) , (2.20)
and such that H(5) satisfies its own Bianchi identity involving new maps into l which satisfy
additional constraints. These are found in [2] and [5]. In the latter paper this extended
model was used to write down a PST-like action. This extension is very similar to that of
higher gauge theory with iterated categorifications of principal bundles. In the following,
however, we will restrict ourselves to the non-extended case.
2.4. Supersymmetry and field equations
For this section we will introduce the notation
γ = γµdx
µ , γ(2) = 12γµνdx
µ ∧ dxν , γ(3) = 16γµνρdxµ ∧ dxν ∧ dxρ ,
D/ = γµDµ , F/ = ∗(F ∧ ∗γ(2)) = 12γµνFµν , H/ = ∗(H ∧ ∗γ(3)) = 16γµνρHµνρ ,
(2.21)
where ∗ is the Hodge star operation. The fields above belong to the (1,0) vector and
tensor supermultiplets (A, λi, Y ij) and (φ, χi, B), for i, j = 1, 2, taking values in g and h,
respectively. In [2], it was found that the supersymmetry transformations
δA = −ε¯γλ , δB = −d(A, ε¯γλ)− ε¯γ(2)χ ,
δλi = 14F/ εi − 12Y ijεj + 14h(φ)εi , δχi = 18H/ εi + 14D/ φ εi − ∗12d(γλi, ∗ε¯γλ) ,
δY ij = −ε¯(iD/ λj) + 2ε¯(ih(χj)) , δφ = ε¯χ ,
δC = −b(B, ε¯γλ)− 13b(d(A, ε¯γλ), A)− b(φ, ε¯γ(3)λ) ,
(2.22)
close up to translations, gauge transformations and the equations of motion
H− = −d(λ¯, γ(3)λ) ,
D/ χi = d(F/ , λi) + 2d(Y ij , λj) + d(h(φ), λi)− 2g(b(φ, λi)) ,
D2φ = 2d(Y ij , Yij)− ∗2d(F , ∗F)− 4d(λ¯, D/ λ)
− 2g(b(χ¯, λ)) + 16d(λ¯, h(χ))− 3d(h(φ), h(φ)) ,
(2.23)
where H = H+ +H− is split into selfdual and anti-selfdual parts: H± = ± ∗ H±. These
tensor multiplet equations (2.23) are connected by supersymmetry to the following vector
multiplet equations
g(b(φ, Yij) + 2b(χ¯(i, λj))) = 0 ,
g(b(φ,F)− 2b(χ¯, γ(2)λ)) = 12g(∗H(4)) ,
g(b(φ,D/ λi) +
1
2b(D/ φ, λi)) = g(∗12b(γ(2)χi, ∗F) + 14b(H/ , λi)− b(χj , Yij)
+ 32b(φ, h(χ)) + ∗13b(d(γλi, λ¯), ∗γλ)) .
(2.24)
3Such an extension can always be found; for example, we could put l = ker(g) and k is its embedding
into g.
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3. (1,0) gauge structures and weak Courant-Dorfman algebras
3.1. Differential graded Leibniz algebra
We now come to the analysis of the gauge structure that is defined by the maps (2.2)
together with equations (2.5). The fact that underlying the (1,0) gauge structure is the
chain complex (2.1) suggests that we are working with some differential graded algebra4.
We first focus on the representations of the Lie algebra A (2.6) on the vector spaces g, h
and g∗. As they satisfy the Jacobi identity, we arrive at a Leibniz algebra.
Recall that a differential graded Leibniz algebra5 (L,D,B) is a (Z-)graded vector space
L equipped with a degree 1 linear map D and a degree 0 bilinear map B such that
(i) D is a differential: D2 = 0 and D(`1 B `2) = (D`1) B `2 + (−1)|`1|`1 B (D`2) ,
(ii) a Leibniz identity holds: `1 B (`2 B `3) = (`1 B `2) B `3 + (−1)|`1||`2|`2 B (`1 B `3) ,
where `1, `2, `3 ∈ L and |`i| denotes the grading of `i.
In the case of a (1,0) gauge structure, we have6
L = g∗[−2]⊕ h[−1]⊕ g , D|g∗ = g , D|h = h , (3.1)
and the only nontrivial actions B are given by (2.6):
γ1 B γ2 := ρ(γ1) B γ2 , γ1 B χ := ρ(γ1) B χ , γ1 B λ := ρ(γ1) B λ (3.2)
for all γ1, γ2 ∈ g, χ ∈ h and λ ∈ g∗. Conditions (i) and (ii) are readily verified: (i) follows
from (2.5c) together with (2.8c) and (2.8d), while (ii) follows from the fact that ρ forms a
representation of A.
The characterization of (1,0) gauge algebras in terms of Leibniz algebras is certainly
too general. In particular, we would like to identify a structure in which the maps f, d and
b are given an intrinsic meaning. Clearly, considering separately the antisymmetrization
and the symmetrization of
γ1 B γ2 := ρ(γ1) B γ2 = −f(γ1, γ2) + h(d(γ1, γ2)) (3.3)
would allow us to extract f as well as d up to terms in the kernel of h. Note, however, that
these new maps cannot be expected to satisfy the Leibniz identity anymore. The transition
between a product satisfying a Leibniz identity and its antisymmetrization that violates
the Leibniz rule (which here amounts to the Jacobi identity) is in fact a very common
one in the context of Courant algebroids. We therefore turn our attention to those in the
following.
4For a detailed analysis of the general tensor hierarchy algebra from the perspective of Lie superalgebras,
see [24].
5or a differential graded Loday algebra
6Recall that V [−n] denotes the vector space V shifted by −n degrees in the grading. In particular,
g∗[−2] consists of elements in g∗, and each element has homogeneous grading -2.
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3.2. Courant algebroids
A particularly nice class of examples of (1,0) gauge structures is obtained from Courant
algebroids. Recall that a Courant algebroid is a symplectic Lie 2-algebroid, or, equivalently,
a symplectic NQ-manifold7, cf. [25]. Here, we define it as a Euclidean vector bundle
(E, 〈·, ·〉) over a smooth manifold M that is endowed with a bilinear operation B on sections
of E and a bundle map % : E → TM called the anchor satisfying the following axioms for
all e, e1, e2 ∈ Γ(E) and f ∈ C∞(M):
(i) e B (e1 B e2) = (e B e1) B e2 + e1 B (e B e2),
(ii) e1 B e2 + e2 B e1 = D〈e1, e2〉,
(iii) %(e1 B e2) = [%(e1), %(e2)],
(iv) e1 B (fe2) = f(e1 B e2) + (%(e1) · f)e2,
(v) %(e) · 〈e1, e2〉 = 〈e B e1, e2〉+ 〈e1, e B e2〉.
Here %(e) · f denotes the action of the vector field %(e) onto f , [·, ·] denotes the Lie bracket
of vector fields and D is the pullback of the exterior derivative ∂ on M via the adjoint map
%∗:
〈Df, e〉 := 12%(e) · f . (3.4)
A Courant algebroid contains a differential graded Leibniz algebra, and one can show
that it forms a (1,0) gauge structure with trivial maps g and b. Instead of doing this using
the above definition, which stems from [25], we can switch to the original and equivalent
definition from [26]. For this, we introduce the antisymmetric Courant bracket
Je1, e2K := 12(e1 B e2 − e2 B e1) = e1 B e2 − 12D〈e1, e2〉 . (3.5)
In this context, the action B is often called a Dorfman bracket. For the Courant bracket,
the axioms in the definition of a Courant algebroid become
(i’) JJe1, e2K, e3K + JJe2, e3K, e1K + JJe3, e1K, e2K + 12D〈Je[1, e2K, e3]〉 = 0,
(iii’) %(Je1, e2K) = [%(e1), %(e2)],
(iv’) Je1, fe2K = fJe1, e2K + (%(e1) · f)e2 − 〈e1, e2〉Df ,
(v’) %(e) · 〈e1, e2〉 =
〈Je, e1K +D〈e, e1〉, e2〉+ 〈e1, Je, e2K +D〈e, e2〉〉,
(vi’) 〈Df,Dg〉 = 0,
where again e, e1, e2 ∈ Γ(E) and f, g ∈ C∞(M).
Given a Courant algebroid, we can define a (1,0) gauge structure by putting
g := Γ(E) , h := C∞(M) , h := D , f := −J·, ·K , d := 12〈·, ·〉 , g := 0 , b := 0 .
(3.6)
The relations (2.5b), (2.5c), (2.5g) are trivially satisfied. Moreover, the relations (2.5a),
(2.5e) and (2.5f) are equivalent to the axioms (v’), (i’) and (vi’), respectively. Finally,
equation (2.5d) has been shown to hold for Courant algebroids [27, Prop. 4.2].
To capture finite dimensional (1,0) gauge structures, we need to reformulate the notion
of a Courant algebroid in purely algebraic terms. This leads to the concept of a Courant-
Dorfman algebra.
7a Q-manifold with non-negatively integer grading which is endowed with a symplectic form
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3.3. Courant-Dorfman algebras
A Courant-Dorfman algebra [13], see also [28], consists of a commutative K-algebra R
together with an R-module E endowed with a derivation D : R → E , a symmetric bilinear
form (not necessarily non-degenerate) 〈·, ·〉 : E⊗RE → E and a Dorfman bracket B: E⊗E →
E , which satisfy the following axioms:
(i) e1 B (e2 B e3) = (e1 B e2) B e3 + e2 B (e1 B e3),
(ii) e1 B e2 + e2 B e1 = D〈e1, e2〉,
(iii) (Dr) B e = 0,
(iv) e1 B re2 = r(e1 B e2) + 〈e1,Dr〉e2,
(v) 〈e1,D〈e2, e3〉〉 = 〈e1 B e2, e3〉+ 〈e2, e1 B e3〉,
(vi) 〈Dr1,Dr2〉 = 0,
where e, e1, e2, e3 ∈ E and r, r1, r2 ∈ R. Note that if the bilinear form 〈·, ·〉 is non-
degenerate, axioms (iii), (iv) and (vi) are redundant. Moreover, if we consider a Euclidean
vector bundle E → M with fiber metric 〈·, ·〉, put E = Γ(E) and R = C∞(M) and define
D as the pullback of the exterior derivative on M , then we recover the notion of a Courant
algebroid.
As before, we can reformulate these axioms by switching from the Dorfman bracket B
to the Courant bracket via relation (3.5), and we are left with
(i’) Je[1, Je2, e3]KK + 16D〈e[1, Je2, e3]K〉 = 0,
(iii’) JDr, eK + 12D〈Dr, e〉 = 0,
(iv’) Je1, re2K = rJe1, e2K + 〈e1,Dr〉e2 + 12r(D〈e1, e2〉)− 12D〈e1, re2〉,
(v’) 〈D〈e1, e(2〉, e3)〉 − 〈D〈e2, e3〉, e1〉+ 2〈Je1, e(2K, e3)〉 = 0,
(vi’) 〈Dr1,Dr2〉 = 0.
Given a Courant-Dorfman algebra, we can construct a (1,0) gauge structure by putting
g := E , h := R , h := D , f := −J·, ·K , d := 12〈·, ·〉 , g := 0 , b := 0 . (3.7)
Axioms (2.5a), (2.5d), (2.5e) and (2.5f) of the (1,0) gauge structure correspond to the
axioms (v’), (iii’), (i’) and (vi’) of the Courant-Dorfman algebra, respectively.
Inversely, a (1,0) gauge structures with g and b trivial gives rise to a Courant-Dorfman
algebra, where the action of R = h onto E = g is given by
re := D〈e,Dr〉 = h(ρ(e) B r) . (3.8)
Axiom (iv’) holds then by definition, the other axioms are related to those of the (1,0)
gauge structure as before.
3.4. Weak Courant-Dorfman algebras
To extend this correspondence to the case of (1,0) gauge structures with non-trivial maps g
and b, we have to allow for some more general Courant-Dorfman algebras. In particular, we
have to weaken axioms (v’) and (vi’), which correspond to (2.5a) and (2.5f) only for trivial
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g and b. Interestingly, this generalization has already been introduced in [14] by dropping
axioms (iv), (v) and (vi) (or, equivalently, (iv’), (v’) and (vi’)) of a Courant-Dorfman
algebra:
A weak Courant-Dorfman algebra consists of two vector spaces R and E together with
a symmetric bilinear form 〈·, ·〉 : E ⊗ E → R, a map D : R → E and a Dorfman bracket
B: E ⊗ E → E . These satisfy the following axioms:
(i”) e1 B (e2 B e3) = (e1 B e2) B e3 + e2 B (e1 B e3),
(ii”) e1 B e2 + e2 B e1 = D〈e1, e2〉,
(iii”) (Dr) B e = 0.
An important class of examples is given by the higher generalizations of exact Courant
algebroids TM ⊕∧pT ∗M together with the standard Courant brackets. Since these do not
seem to be related to our discussion, we refrain from going into further details.
Note that the above axioms imply the following weaker form of (v) and (vi) [14]:
D(〈e1,D〈e2, e3〉〉 − 〈e1 B e2, e3〉 − 〈e2, e1 B e3〉) = 0 ,
D〈De1,De2〉 = 0 .
(3.9)
These equations are precisely the generalizations necessary to accommodate a (1,0) gauge
structure with non-trivial g and b, as axioms (2.5a) and (2.5f) are modified by terms in
the image of g, which vanishes under D due to h ◦ g = 0. We therefore conclude that (1,0)
gauge structures are special cases of weak Courant-Dorfman algebras.
3.5. Comments on derived brackets
To construct weak Courant-Dorfman algebras, one is quickly led to the notion of derived
brackets: Courant algebroids are symplectic NQ-manifolds [29, 25], see also [30], and D, as
well as the Courant bracket J·, ·K on sections, are derived from the symplectic structure on an
NQ-manifold [25] via a derived bracket construction [31, 15]. Unfortunately, this approach
to (1,0) gauge structures seems too restrictive, at least if one uses the superextension due
to [15], as we demonstrate in the following.
We start from a Lie superalgebra L with Lie bracket {·, ·} together with a projector
P ∈ EndL onto an abelian subalgebra of L such that
P 2 = P , {P`1, P `2} = 0 and P{`1, `2} = P{P`1, `2}+ P{`1, P `2} . (3.10)
Given an odd element Q ∈ L (with appropriate Z-grading) such that Q2 = 12{Q,Q} = 0,
we can define the brackets
µi(`1, `2, . . . , `i) := P{. . . {{Q, `1}, `2}, . . . , `i} , (3.11)
which turn L into an L∞-algebra [15, Cor. 1]. In particular, the condition Q2 = 0 is
equivalent to the higher homotopy relations (A.2). Note that the grading of the L∞-algebra
is again that of the Lie superalgebra shifted by one.
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We now wish to identify the additional structure maps d and b with (parts of) a Poisson
bracket. For this, note that equation (2.5a) implies
g(b(d(γ(1, γ2), γ3))) = 0 . (3.12)
If we impose either the additional constraint (2.9c) or consider the extended tensor hier-
archy (cf. [32, 2]), one has the stronger relation
b(d(γ(1, γ2), γ3)) = 0 . (3.13)
This relation is in fact the graded Jacobi identity we require, assuming a parity shift of g
by one to odd grading. We are thus led to identify
{γ1, γ2} = d(γ1, γ2) and {γ, χ} = b(χ, γ) . (3.14)
If we demand in addition that
P{γ1, γ2} = {γ1, γ2} , (3.15)
then relations (2.5c), (2.5d) and (2.5e) are automatically satisfies, as one readily verifies.
Equation (2.5f) leads to a constraint:
d(h(χ1), h(χ2)) = {P{Q,χ1}, P{Q,χ2}} = 0 != 12g(b(χ1, h(χ2))) . (3.16)
A similar constraint is derived from (2.5a). More importantly, however, we have
{µ2(γ1, γ2), µ2(γ3, γ4)} = {P{{Q, γ1}, γ2}, P{{Q, γ3}, γ4}} = 0 . (3.17)
All these constraints impose severe restrictions on the maps f, d and b, which renders this
approach essentially uninteresting for the construction of (1,0) gauge algebras.
4. (1,0) gauge structures as Lie 3-algebra
Having identified (1,0) gauge structures with weak Courant-Dorfman algebras, we would
now like to make contact with higher or categorified gauge theory. As a first step towards
this goal, we need to identify categorified Lie algebras in the (1,0) gauge structure. For our
purposes, it suffices to restrict ourselves to so-called semistrict Lie 3-algebras. These arise
from categorifying twice the notion of a Lie algebra and imposing antisymmetry on the
higher products. For simplicity, we will often drop the label ‘semistrict’ in the following.
4.1. Semistrict Lie 3-algebras
Semistrict Lie 3-algebras are categorically equivalent to 3-term L∞- or strong homotopy
Lie algebras [33], see appendix A for the general definition of L∞-algebras. A 3-term L∞-
algebra8 is a graded vector space L = L−2 ⊕ L−1 ⊕ L0, where Li has grading i, together
8also known as an L3-algebra
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with multilinear, totally graded antisymmetric maps
µ1 : L−2 → L−1 , µ1 : L−1 → L0 ,
µ2 : L
∧2
0 → L0 , µ2 : L0 ∧ L−1 → L−1 , µ2 : L0 ∧ L−2 → L−2 ,
µ2 : L
∧2
−1 → L−2 ,
µ3 : L
∧3
0 → L−1 , µ3 : L−1 ∧ L∧20 → L−2 ,
µ4 : L
∧4
0 → L−2 .
(4.1)
These maps satisfy a number of higher Jacobi or homotopy relations, which we list in the
following. The map µ1 is a differential:
µ21(λ) := µ1(µ1(λ)) = 0 , (4.2a)
and it is compatible with the products µ2:
µ1(µ2(γ, χ)) = −µ2(µ1(χ), γ) , (4.2b)
µ1(µ2(γ, λ)) = −µ2(µ1(λ), γ) , (4.2c)
µ1(µ2(χ1, χ2)) = µ2(µ1(χ1), χ2) + µ2(µ1(χ2), χ1) . (4.2d)
The map µ2 satisfies a Jacobi identity up to correction terms given by µ3:
µ1(µ3(γ1, γ2, γ3)) = −µ2(µ2(γ1, γ2), γ3) + µ2(µ2(γ1, γ3), γ2)− µ2(µ2(γ2, γ3), γ1) ,(4.2e)
µ1(µ3(χ, γ1, γ2)) = −µ3(µ1(χ), γ1, γ2)− µ2(µ2(γ1, γ2), χ)
−µ2(µ2(χ, γ1), γ2) + µ2(µ2(χ, γ2), γ1) , (4.2f)
0 = −µ3(µ1(λ), γ1, γ2)− µ2(µ2(γ1, γ2), λ)
−µ2(µ2(λ, γ1), γ2) + µ2(µ2(λ, γ2), γ1) , (4.2g)
0 = −µ3(µ1(χ1), χ2, γ)− µ3(µ1(χ2), χ1, γ)− µ2(µ2(χ1, χ2), γ)
+µ2(µ2(χ1, γ), χ2) + µ2(µ2(χ2, γ), χ1) . (4.2h)
The map µ3 is compatible with the map µ2 in the obvious way up to correction terms given
by µ4:
µ1(µ4(γ1,γ2, γ3, γ4)) + µ2(µ3(γ1, γ2, γ3), γ4)− µ2(µ3(γ1, γ2, γ4), γ3)
+ µ2(µ3(γ1, γ3, γ4), γ2)− µ2(µ3(γ2, γ3, γ4), γ1) =
µ3(µ2(γ1, γ2), γ3, γ4)) + µ3(µ2(γ2, γ3), γ1, γ4)) + µ3(µ2(γ3, γ4), γ1, γ2))
+ µ3(µ2(γ1, γ4), γ2, γ3))− µ3(µ2(γ1, γ3), γ2, γ4))− µ3(µ2(γ2, γ4), γ1, γ3)) .
(4.2i)
µ2(µ3(γ1,γ2, γ3), χ)− µ2(µ3(χ, γ1, γ2), γ3) + µ2(µ3(χ, γ1, γ3), γ2)
− µ2(µ3(χ, γ2, γ3), γ1)− µ4(µ1(χ), γ1, γ2, γ3) =
− µ3(µ2(γ1, γ2), χ, γ3))− µ3(µ2(γ2, γ3), χ, γ1))− µ3(µ2(χ, γ3), γ1, γ2))
− µ3(µ2(χ, γ1), γ2, γ3)) + µ3(µ2(γ1, γ3), χ, γ2)) + µ3(µ2(χ, γ2), γ1, γ3)) .
(4.2j)
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Finally, the map µ4 satisfies the following compatibility relation
9
1
2µ2(µ4(γ[1, γ2, γ3, γ4), γ5]) + µ3(µ3(γ[1,γ2, γ3), γ4, γ5]) + µ4(µ2(γ[1, γ2), γ3, γ4, γ5]) = 0 .
(4.2k)
A simple example of a Lie 3-algebra is that of the Chern-Simons Lie 3-algebra csk(g)
of a simple Lie algebra g, where k ∈ R denotes the level. The graded vector space is
L = R[−2]⊕ (R⊕ g)[−1]⊕ g, and we will denote elements of these spaces by λ, (λγ) and γ,
respectively. The non-vanishing higher products are defined as
µ1(λ) :=
(
λ
0
)
, µ1
(
λ
γ
)
:= γ ,
µ2(γ1, γ2) := [γ1, γ2] , µ2
(
γ1,
(
λ
γ2
))
:=
(
k〈γ1, γ2〉
[γ1, γ2]
)
, µ2
((
λ1
γ1
)
,
(
λ2
γ2
))
:= 2k〈γ1, γ2〉 ,
µ3(γ1, γ2, γ3) := k〈γ1, [γ2, γ3]〉 ,
(4.3)
where 〈·, ·〉 denotes the Killing form on g. In the following, we will discuss some special Lie
3-algebras that will later serve as examples for the gauge structure of the (1,0)-model.
4.2. Semistrict Lie 2-algebras and string Lie 2-algebras
General semistrict Lie 2-algebras are obtained by considering Lie 3-algebras with trivial
L−2. This reduces the non-trivial products (4.1) to the following ones:
µ1 : L−2 → L−1 , µ1 : L−1 → L0 ,
µ2 : L
∧2
0 → L0 , µ2 : L0 ∧ L−1 → L−1 , µ3 : L∧30 → L−1 ,
(4.4)
while the higher Jacobi relations reduce in an obvious manner.
Let us specialize a little further. A semistrict Lie 2-algebra is called skeletal, if iso-
morphic objects are equivalent. This amounts to setting µ1 = 0. A nice class of skeletal
semistrict Lie 2-algebras is obtained from a Lie algebra g, a vector space V carrying a
representation ρ of V and a Lie algebra cocycle with values in V , c = H3(g, V ) [33]. As
products on the 2-term complex V → g, we define µ1 := 0, µ2 : g×g→ g as the Lie bracket,
µ2 : g× V → V as the action of g onto V in the representation ρ and µ3 : g× g× g → V
is given by the Lie algebra cocycle c.
It is shown in [33] that isomorphism classes of such data (g, V, ρ, c) defining semistrict
Lie 2-algebras are equivalent to isomorphism classes of general skeletal semistrict Lie 2-
algebras. Moreover, any general semistrict Lie 2-algebras is categorically equivalent to
a skeletal one, and therefore the data (g, V, ρ, c) can be used to classify semistrict Lie
2-algebras.
Particularly interesting is the string Lie 2-algebra of a simple Lie algebra g, which is
defined by the data (g,R, ρ, c), where ρ is the trivial representation and c(g1, g2, g3) :=
k 〈ad(g1), ad([g2, g3])〉, for k ∈ R, is a Lie algebra cocycle arising from the Killing form 〈·, ·〉
of g.
9Note that the total antisymmetrization is here equivalent to merely considering unshuffles in definition
(A.2).
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4.3. Differential crossed modules
Both 2- and 3-term L∞-algebras can be further restricted by demanding that the bracket
on L0 satisfies the Jacobi identity (e.g., by putting µ3 = 0). For semistrict Lie 2-algebras,
this leads to strict Lie 2-algebras, which are equivalent to differential crossed modules [11].
Recall that a differential crossed module consists of a pair of Lie algebras g, h together
with an action B of g onto h as derivations and a Lie algebra homomorphism between h
and g, which we will denote by t. The maps B and t satisfy the identities:
t(γ B χ) = [γ, t(χ)] and t(χ1) B χ2 = [χ1, χ2] (4.5)
for all γ ∈ g and χ, χ1, χ2 ∈ h. We will denote such a differential crossed module by h t−→ g.
This structure, when endowed with metrics on g and h, contains the well known metric
3-algebras relevant to M2-brane models [16]. Let us briefly recall this relation, focusing on
so-called real 3-algebras; hermitian 3-algebras are treated analogously.
A real 3-algebra [34] is a real vector space A endowed with a trilinear map (referred to
in the following as a triple bracket) [·, ·, ·] : A×3 → A, which is antisymmetric in its first
two slots, together with an invariant metric. The triple bracket is required to satisfy the
so-called fundamental identity:
[a1, a2, [b1, b2, b3]] = [[a1, a2, b1], b2, b3] + [b1, [a1, a2, b2], b3] + [b1, b2, [a1, a2, b3]] (4.6)
for all a1, a2, b1, b2, b3 ∈ A. Due to this identity, the span of the operators D(a, b), a, b ∈ A,
which act on c ∈ A according to
D(a, b) B c := [a, b, c] , (4.7)
forms a Lie algebra, which we will denote by gA. Endowing A with an invariant inner
product, we arrive at a real metric 3-algebra. As shown in [35], real metric 3-algebras
are in one-to-one correspondence with pairs of Lie algebras gA and an orthogonal faithful
representation A via the Faulkner construction. Explicitly, the metrics on g and h lead to
a triple bracket via
(D(a1, a2), D(a3, a4))g = (D(a1, a2) B a3, a4)h = ([a1, a2, a3], a4)h . (4.8)
Inversely, a triple bracket can be used to define a metric on g.
Differential crossed modules appear as structure Lie 2-algebras of so-called principal
2-bundles in higher gauge theory. Going one step further in the categorification, principal
3-bundles make use of differential 2-crossed modules, which consist of a normal10 complex
of Lie algebras
l
t−→ h t−→ g (4.9)
equipped with g-actions on h and l by derivations, again denoted by B, and a g-equivariant
bilinear map, called Peiffer lifting and denoted by {·, ·} : h × h → l. These maps satisfy
the following axioms:
10Here normal means that the images of the t maps are normal subalgebras.
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(i) t(γ B λ) = γ B t(λ) and t(γ B χ) = [γ, t(χ)] ,
(ii) t({χ1, χ2}) = [χ1, χ2]− t(χ1) B χ2,
(iii) {t(λ1), t(λ2)} = [λ1, λ2],
(iv) {[χ1, χ2], χ3} = t(χ1) B {χ2, χ3}+ {χ1, [χ2, χ3]} − t(χ2) B {χ1, χ3} − {χ2, [χ1, χ3]},
(v) {χ1, [χ2, χ3]} = {t({χ1, χ2}), χ3} − {t({χ1, χ3}), χ2} ,
(vi) {t(λ), χ}+ {χ, t(λ)} = −t(χ) B λ ,
for all γ ∈ g, χ ∈ h, and λ ∈ l, where [·, ·] denotes the Lie bracket in the respective
Lie algebra. Analogously to the case of a differential crossed module, we denote such a
differential 2-crossed module by l→ h→ g. Note that for trivial l, a differential 2-crossed
module reduces to a differential crossed module. For more details on differential 2-crossed
modules, see [22] and references therein.
4.4. (1,0) gauge structures and semistrict Lie 3-algebras
Consider a (1,0) gauge structure with g = b = 0. As we saw before in section 3.3, such a
(1,0) gauge structure is equivalent to a Courant-Dorfman algebra. It is easy to verify that
a Courant-Dorfman algebra (R, E , J·, ·K) gives rise to a semistrict Lie 2-algebra with
L−1 = R = h and L0 = E = g (4.10)
as well as higher products
µ1(r) := Dr = h(r) , µ2(e1, e2) := Je1, e2K = −f(e1, e2) ,
µ2(e, r) :=
1
2〈e,Dr〉 = d(e, h(r)) , µ3(e1, e2, e3) := −12〈e[1, Je2, e3]K〉 = d(e[1, f(e2, e3])) ,
(4.11)
where e, e1, e2, e3 ∈ E and r ∈ R. In the special case of Courant algebroids, this observation
was already made in [27].11
Inversely, many interesting Lie 2-algebras do not form (1,0) gauge structures. For
example, consider the Lie 2-algebra based on the octonions with L−1 = L0 = O, where µ2
is given by the commutator and µ3 is given by the Jacobiator. In this case, the Jacobiator
cannot be written as d(·, [·, ·]) for any symmetric map d : OO→ O.
For (1,0) gauge structures with g and b nontrivial, the situation is more involved. We
evidently start from the chain complex
L−2 = g∗
µ1:=g−−−−−−→ L−1 = h µ1:=h−−−−−−→ L0 = g (4.12)
together with the maps
µ1(λ) := g(λ) , µ1(χ) := h(χ) and µ2(γ1, γ2) := −f(γ1, γ2) . (4.13)
11As a side remark, note that a Courant-Dorfman algebra with the Dorfman bracket, which is not
antisymmetric but satisfies the Jacobi identity, can be regarded as a hemistrict Lie 2-algebra, cf. [36].
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The higher homotopy relations (4.2a)-(4.2f) then define the remaining products up to terms
in the kernels of g and h, where the latter turn out to lie in the image of g:
µ2(γ, χ) = d(γ, h(χ)) + g(φ1(γ, χ)) ,
µ2(γ, λ) = φ1(γ, g(λ)) + φ2(γ, λ) , φ2(γ, λ) ∈ ker g ,
µ2(χ1, χ2) = b(χ(1, h(χ2))) + 2φ1(h(χ(1), χ2)) + φ3(χ1, χ2) , φ3(χ1, χ2) ∈ ker g ,
µ3(γ1, γ2, γ3) = d(γ[1, f(γ2, γ3])) + g(φ4(γ1, γ2, γ3)) ,
µ3(χ, γ1, γ2) = −23b(d(γ[1, h(χ)), γ2]) + 2φ1(γ[1, d(γ2], h(χ)))
+ 2φ1(γ[1, g(φ1(γ2], χ))) + φ1(f(γ1, γ2), χ)
− φ4(h(χ), γ1, γ2) + φ5(χ, γ1, γ2) , φ5(χ, γ1, γ2) ∈ ker g .
(4.14)
Equation (4.2i) defines µ4(γ1, γ2, γ3, γ4) in a similar way. The challenge is now to fix the φi
such that the remaining homotopy relations (4.2g), (4.2h), (4.2j) and (4.2k) are satisfied.
A detailed analysis using a computer algebra program suggests that in general, there are
no such φi and one has to impose additional constraints onto the (1,0) gauge structure. We
understand these constraints as a hint that the (1,0) gauge structure needs to be extended,
and there are two possibilities for such extensions. First, the extensions discussed briefly
in section 2.3, which result in an extended (1,0) gauge structure forming a Lie n-algebra
with n > 3. Second, one can extend the chain complex (2.1) to an exact sequence, leading
to a Lie 4-algebra. We will discuss this extension briefly in the next section.
But first, let us try to turn the (1,0) gauge structure into a Lie 3-algebra. There is a
large number of possible constraints that do this, many of which involve the shifted-graded
Jacobi identity for b and d given in equation (3.13). Here we only want to study one.
Because we considered the extreme case where g = 0 (as well as b = 0) before, let us now
turn to the opposite extreme and impose the condition that the kernel of g is trivial. In
this case, the maps φ2, φ3 and φ5 are trivial, and we put
φ1(γ, χ) := α1b(χ, γ) , α1 ∈ R and φ4(γ1, γ2, γ3) = 0 . (4.15)
The map µ4(γ1, γ2, γ3, γ4) is given by
µ4(γ1, γ2, γ3, γ4) = −2(1 + 2α1)b(d(γ[1, f(γ2, γ3)), γ4]) . (4.16)
If the kernel of g is trivial, these maps satisfy all the homotopy relations (4.2) and thus
form a semistrict Lie 3-algebra.
There are two interesting choices for α1. First, the choice α1 = −12 gives
µ2(γ, χ) =
1
2ρ(γ) B χ , µ2(γ, λ) =
1
2ρ(γ) B λ and µ4 = 0 . (4.17)
Second, with the choice α1 = −1 the curvatures F and H defined in (2.10) can be
rewritten in the form
F = ∂A+ 12µ2(A,A) + µ1(B) ,
H = ∂B + µ2(A,B) + 16µ3(A,A,A) + µ1(C) ,
(4.18)
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provided we assume that the fake curvature condition F = 0 is satisfied. This condition
is very natural from the point of view of higher gauge theory, and we will return to it in
section 5.1. Note that the Chern-Simons term in H collapsed into Lie 3-algebra products.
The above form for H has been suggested in the context of semistrict higher gauge theory
in [37].
Moreover, demanding that both fake curvatures F and H vanish and that the graded
Jacobi identity (3.13) is satisfied, we find that all products in the gauge transformations
(2.14) can be written in terms of Lie 3-algebra products as follows:
δA = ∂α+ µ2(A,α)− µ1(Λ) ,
δB = ∂Λ + µ2(B,α) + µ2(A,Λ) +
1
2µ3(A,A, α)− µ1(Ξ) ,
δC = ∂Ξ + µ2(C,α) + µ2(B,Λ) + µ2(A,Ξ)− 12µ3(A,A,Λ) + µ3(B,A, α)
+ 23µ4(A,A,A, α).
(4.19)
We regard this as a good starting point for studying semistrict higher gauge theory based
on Lie 3-algebras. As far as we are aware, this has yet to be developed.
Note however that several terms remain in the supersymmetry transformations and
equations of motion which are not of the form of Lie 3-algebra products.
4.5. Strong homotopy Lie algebras from resolutions of Lie algebras
Demanding that g is injective is a first step towards turning the chain complex (2.1)
underlying the (1,0) gauge structure into an exact sequence. On such sequences, there is a
canonical construction of strong homotopy Lie structures [38], as we briefly review in the
following. Consider a resolution of a vector space g0. That is, consider an exact sequence
of vector spaces
· · · µ1−−−→ L−2 µ1−−−→ L−1 µ1−−−→ L0 µ1−−−→ g0 µ1−−−→ 0 . (4.20)
Because the sequence is exact, we can decompose L0 = b ⊕ g′0 where b = ker(µ1) and
g′0 ∼= g0. Assume now that there is a skew-symmetric bilinear map
µ2 : L0 × L0 → L0 , (4.21)
which satisfies for all ` ∈ L0 and b ∈ b the following two properties:
(i) µ2(`, b) ∈ b,
(ii) µ2(µ2(`1, `2), `3)− µ2(µ2(`1, `3), `2) + µ2(µ2(`2, `3), `1) ∈ b.
Then, as shown in [38], the map µ2 can be extended to a Lie bracket on g0 and further
to a strong homotopy Lie algebra on all of L = L•. First, one extends µ2 to all of L• by
showing that
µ1(µ2(µ1(`1 ⊗ `2))) = 0 , for `1, `2 ∈ L• . (4.22)
As the complex (4.20) is exact, this equation implies µ2(µ1(`1 ⊗ `2)) = µ1(`3) for some `3,
and we can define µ2(`1, `2) := `3. Starting from µ2 on L0 × L0, one can iteratively define
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µ2 for all higher Ln. Note that for `1, `2 ∈ L0, (4.22) follows from axiom (i), otherwise one
can calculate it using the iteratively defined µ2.
For higher products, we use the same method, applied to the corresponding higher
Jacobi relations. For example, to define µ3, we use that
µ1
(
µ3(µ1(`1), `2, `3)±µ2(µ2(`2, `3), `1)±µ2(µ2(`1, `2), `3)±µ2(µ2(`1, `3), `2)
)
= 0 , (4.23)
where the signs are to be chosen according to the gradings of `1, `2 and `3. Again, for
`1, `2, `3 ∈ L0, (4.23) follows from axiom (ii), otherwise one can calculate it using the
iteratively defined µ3. Together with the exactness of (4.20) we thus have
µ3(µ1(`1), `2, `3)±µ2(µ2(`2, `3), `1)±µ2(µ2(`1, `2), `3)±µ2(µ2(`1, `3), `2) = µ1(`4) , (4.24)
for some `4, which leads us to define µ3(`1, `2, `3) := `4.
For a (1,0) gauge structure with b and g trivial, we consider the exact sequence
0 −→ h h−−−→ g proj−−−−−→ g0 −→ 0 , (4.25)
which induces a splitting g = imh⊕ g0. As shown e.g. in [3, sec. 3], g0 forms a Lie algebra
with Lie bracket given by −f|g0 . If we now follow the above construction, we recover
precisely the Lie 2-algebra structure of a (1,0) gauge structure with b and g trivial: besides
µ1(χ) = h(χ), we have the following higher products:
µ2(γ1, γ2) = −f(γ1, γ2) , µ2(γ, χ) = d(γ, h(χ)) and µ3(γ1, γ2, γ3) = d(g1, f(g2, g3)) .
(4.26)
Assuming that g has trivial kernel and that im(g) = ker(h), we can extend the exact
sequence (4.27) to
0 −→ g∗ g−−−→ h h−−−→ g proj−−−−−→ g0 −→ 0 . (4.27)
The above construction then recovers the Lie 3-algebra that we derived in the previous
section with α1 = 0.
Note that more generally, if im(g) = ker(h), we obtain the exact sequence
0 −→ ker(g) ↪−→ g∗ g−−−→ h h−−−→ g proj−−−−−→ g0 −→ 0 , (4.28)
and correspondingly a Lie 4-algebra via the above construction.
Finally, even if im(g)  ker(h), we can construct an extension of the map g : g∗ → h to
a map g˜ : g∗ ⊕ a → h for some vector space a such that im(g˜) = ker(h). Then the exact
sequence
0 −→ ker(g˜) ↪−→ g∗ ⊕ a g˜−−−→ h h−−−→ g proj−−−−−→ g0 −→ 0 (4.29)
yields again a Lie 4-algebra.
Since higher gauge theory has not been developed for Lie 4-algebras, our subsequent
discussion has to remain restricted to (1,0) gauge structures that form Lie 3-algebras.
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5. Examples
Above, we have seen that (1,0) gauge structures contain semistrict Lie 2-, Lie 3- or Lie
4-algebras, which in turn suggests that the new (1,0) models may be formulated in terms
of higher gauge theory. In this section, we will briefly review some notions of higher gauge
theory, before we then discuss various interesting examples of (1,0) gauge structures.
5.1. Higher gauge theory
Higher gauge theory is the theory of parallel transport of extended objects. In particular,
it makes use of categorified versions of principal fiber bundles where categorified versions
of Lie groups take over the role of the structure groups. To the detail necessary for our
discussion, higher gauge theory has only been developed for principal 2- and 3-bundles
having differential crossed and 2-crossed modules as their higher structure Lie algebras,
respectively. For a discussion of the case of principal 2-bundles with connective structure,
see [11, 39, 12], for the case of principal 3-bundles, see [40] and in particular [22].
As the (1,0) model is a local theory, we can restrict ourselves to the local description
in terms of gauge potentials. In the case of principal 2-bundles with connective structure,
we have a differential crossed module h
t−→ g as gauge Lie 2-algebra and potential 1- and
2-forms, A and B, taking values in the Lie algebras g and h, respectively. Their curvatures
read as
F := ∂A+ 12 [A,A] and H := ∇B := ∂B +A B B . (5.1)
It has been shown in several contexts, cf. [39, 12], that for these curvatures to describe
a consistent parallel transport of an extended object, it is crucial that the fake curvature
condition
F := F + t(B) = 0 (5.2)
is imposed. Otherwise, the parallel transport will not be invariant under worldsheet repa-
rameterizations of the extended object.
Infinitesimal gauge transformations are parametrized by a g-valued function α as well
as a one-form Λ taking values in h:
δA = ∂α+ [A,α]− t(Λ) ,
δB = ∂Λ +A B Λ− α B B . (5.3)
In particular, the fake curvature condition (5.2) is invariant under gauge transformations.
Note that the curvature (2.10a) of the (1,0) model has to be identified with the fake
curvature F , as it is the only two-form curvature built from A and B that transforms
covariantly.
In the case of principal 3-bundles, we have a differential 2-crossed module l
t−→ h t−→ g
together with potential 1-, 2- and 3-forms A, B and C, which take values in the Lie algebras
g, h and l, respectively. Their curvatures are given by
F := ∂A+ 12 [A,A] , H = ∂B +A B B , G := ∂C +A B C + {B,B} , (5.4)
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and there are two fake curvature conditions:
F := F + t(B) = 0 and H := H + t(C) = 0 . (5.5)
Gauge transformations [22] now involve an additional two-form parameter Ξ ∈ l :
δA = ∂α+ [A,α]− t(Λ) ,
δB = ∂Λ +A B Λ− α B B − t(Ξ) ,
δC = ∂Ξ +A B Ξ− α B C − {B,Λ} − {Λ, B} .
(5.6)
These gauge transformations (5.6) and fake curvature conditions (5.5) arose naturally in a
twistor construction of (2,0) superconformal field configurations in [22], along with equa-
tions of motion, which, in a certain gauge, include H = ∗H.
Let us stress here that the fake curvature condition F = 0 is not stable under supersym-
metry transformations (2.22) in general. Therefore, whenever we impose the fake curvature
condition in the following, we implicitly break supersymmetry. A way out of this problem
would be to impose, in addition, the equations arising from a supersymmetry variation
of the fake curvature condition, as well as further equations arising from supersymmetry
variations of the latter.
Note that in the models arising from the above mentioned twistor constructions, the
fake curvature condition is indeed invariant under the corresponding supersymmetry trans-
formations.
5.2. Abelian gerbe
Our first example is the simplest, that of an abelian gerbe, cf. [41]. If we take the vector
spaces
0 −→ u(1) −→ 0 , (5.7)
and set all the maps to zero, we are left with just the (1,0) tensor multiplet (φ, χ,B)
satisfying the equations of motion
H = ∂B = ∗H , ∂/χ = 0 and 2φ = 0 , (5.8)
and transforming under the usual gauge transformation for an abelian gerbe
δB = ∂Λ . (5.9)
The supersymmetry transformations become
δφ = ε¯χ , δχi = 18H/ εi + 14∂/φ εi , δB = −ε¯γ(2)χ , (5.10)
which match the full (2, 0) supersymmetry transformations for a single M5-brane [42] when
reduced to a contained (1,0) multiplet.
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5.3. Principal 2-bundles
For non-abelian gerbes, we use the language of principal 2-bundles and differential crossed
modules.
To obtain differential crossed modules from a (1,0) gauge structure, we set g = b = 0
and assume
d(f(γ[1, γ2), γ3]) = 0 . (5.11)
This ensures that f(·, ·) is a Lie bracket on g by (2.5e) and corresponds to setting µ3 = 0
on the Lie 2-algebra level, making it a strict Lie 2-algebra. Nontrivial such (1,0) gauge
structures are very restricted, but can indeed be constructed, e.g. by using the analysis in
[3, sec. 3].
Now to obtain a differential crossed module we define
t := h , [γ1, γ2] := −f(γ1, γ2) and γ B χ := d(γ, h(χ)) . (5.12)
Note that this is a differential crossed module with abelian h since [χ1, χ2] = t(χ[1) B χ2] =
d(h(χ[1), h(χ2])) = 0, by (4.5) and the symmetry of d.
Note also that for g = 0 the vector multiplet equations of motion (2.24) become trivial,
and we can therefore eliminate the degrees of freedom by enforcing the fake curvature
condition (5.2) of higher gauge theory:
F = ∂A− 12 f(A,A) + h(B) = 0 . (5.13)
Using (5.11), the shifted form of the (1,0) gauge transformations (2.14) becomes
δA = ∂α− f(A,α)− h(Λ) ,
δB = ∂Λ + d(A, h(Λ))− d(α, h(B)) , (5.14)
which matches exactly the higher gauge theory gauge transformations (5.3).
One of the most interesting classes of differential crossed modules is that of the 3-
algebras appearing in the context of M2-brane models, cf. section 4.3. However these are
not included in the above discussion since they have a trivial map t = 0 and a non trivial
action B. Since the maps above were defined by γ B χ := −d(γ, h(χ)) and t := h, a trivial
map t implies a trivial action. Luckily 3-algebras can be treated separately, and we will
come back to them shortly.
5.4. Principal 3-bundles
Higher gauge theory has been developed not only for principal 2-bundles but also for
principal 3-bundles, which have differential 2-crossed modules as underlying structure Lie
3-algebras. For this section we assume first that the products corresponding to Lie 3-algebra
products µ3 and µ4 are zero:
d(γ[1, f(γ2, γ3])) = 0 , b(d(γ[1, f(γ2, γ3)), γ4]) = 0 ,
b(χ, f(γ1, γ2))− 43b(d(γ[1, h(χ)), γ2]) + 2b(g(b(γ[1, χ)), γ2]) = 0 ,
(5.15)
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and second that terms of the form b(g(·), h(·)) vanish. These terms are in the kernel of g
and are therefore expected to vanish, as discussed in section 4.4.
To obtain differential 2-crossed modules from (1,0) gauge structures we define
t(λ) := g(λ) , t(χ) := h(χ) , [γ1, γ2] := −f(γ1, γ2) , γ B χ := d(γ, h(χ))− g(b(χ, γ)) ,
[χ1, χ2] = [λ1, λ2] = 0 , {χ1, χ2} := 12b(χ1, h(χ2)) and γ B λ := −b(g(λ), γ) .
(5.16)
Note that this is a differential 2-crossed module with abelian l and h.
To reduce to principal 3-bundles, we have to impose the vanishing of the fake curvatures
F = ∂A− 12 f(A,A) + h(B) = 0 ,
H = ∂B + 2d(A, h(B))− g(b(B,A)) + d(A, ∂A− 13 f(A,A)) + g(C)
= ∂B + d(A, h(B))− g(b(B,A)) + g(C) = 0 .
(5.17)
This simplifies the shifted gauge transformations (2.14) to
δA = ∂α− f(A,α)− h(Λ) ,
δB = ∂Λ + d(A, h(Λ)) + g(b(Λ, A))− d(α, h(B)) + g(b(B,α))− g(Ξ) ,
δC = ∂Ξ− b(g(Ξ), A) + b(g(C), α)− b(B, h(Λ)) + . . . ,
(5.18)
which match exactly the higher gauge theory transformations (5.6).
The constraints (5.15) are again very restrictive. One admissible example is the Chern-
Simons Lie 3-algebra of u(1), which we will discuss in section 5.8. If we are just interested
in the algebraic structure and not in matching the gauge transformations to higher gauge
theory, we can discuss many more interesting examples.
5.5. Representations of Lie algebras and M2-brane model 3-algebras
Let a be a semi-simple Lie algebra with a representation ρ acting on a vector space V .
There are three types of models based on this information, as discussed in [3]; here we will
just discuss the simplest one. An action is not possible for this type, however the type
admitting an action is closely related.
We take the complex
0 −→ V −→ V × a , (5.19)
and choose the maps
g = b =0 , h(v) =
(
v
0
)
,
d
((
v1
g1
)
,
(
v2
g2
))
= 12(ρ(g1) B v2 + ρ(g2) B v1) ,
f
((
v1
g1
)
,
(
v2
g2
))
=
(1
2(ρ(g2) B v1 − ρ(g1) B v2)
[g1, g2]
)
,
(5.20)
for v ∈ V, (vigi) ∈ V × a.
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Recall that metric 3-algebras are obtained from metric Lie algebras with faithful or-
thogonal representations via the Faulkner construction [35], where the representation space
is the 3-algebra itself, V = A, and the Lie algebra is the associated Lie algebra of inner
derivations a = gA.
In order to use this relation we need to endow the (1,0) gauge structure with metrics on
the spaces a and V which are invariant under the action of a. Explicitly, this construction
gives the triple bracket
[v1, v2, v3] = d(m
∗
a(d
∗(mh(v1), h(v2))), h(v3)) , (5.21)
where m∗a : a∗ → a and mh : h → h∗ are maps induced from the metrics on a and h,
respectively.
Note that here we constructed a triple bracket using a metric on a. Inversely, one can
derive a metric on a given a triple bracket as done in (4.8).
The simplest non-trivial example is that of A4, which appears in the description of two
M2-branes in the BLG model. We choose the fundamental representation of a = so(4)
acting on V = R4, along with the standard euclidean metric on R4 and a split signature
metric on so(4), explicitly:
mso(4)(A
±) = ±(A±)T , mR4(v) = vT ,
d
((
v
A
)
,
(
w
B
))
= 12(A.w +B.v) , d
∗
(
vT ,
(
w
A
))
= 12
(
vT .A
wvT − vwT
)
,
(5.22)
for v, w ∈ R4, A,B ∈ so(4) and where vT denotes the transpose of v and A± denote the
selfdual and anti-selfdual parts of A. Then (5.21) gives the triple bracket on the basis
vectors eµ ∈ R4 as
[eµ, eν , eρ] = εµνρσeσ . (5.23)
Similarly, the 3-algebra describing N M2-branes in the ABJM model corresponds to
the choice a = u(N)× u(N), with split signature metric
m∗a
(
AL
AR
)
=
(
A†L
−A†R
)
, (5.24)
and where V = u(N) is the bi-fundamental representation with the standard Hilbert-
Schmidt metric mh(A) = A
†. The triple bracket then becomes
[A,B;C] = d(m∗a(d
∗(mh(A), h(C))), h(B)) = AC†B −BC†A . (5.25)
For N = 2 this essentially coincides with the 3-Lie algebra A4.
We can now rewrite equations (2.23) in terms of the products appearing in 3-algebras.
Note however a crucial difference here to the M2-brane models: the gauge field of M2-brane
models lives only in a and not in V × a and also that the gauge transformations have only
one (a-valued) parameter.
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5.6. Vectors in G× G
Another example is found in [6], where the G×G-model is conjectured to describe the gauge
sector of M5-brane dynamics. This conjecture passes many consistency checks, including
self-dual string profiles which match gravity dual predictions [8]. One key difference be-
tween the G × G-model and the (1,0) model is that in the former, the vector fields are
on shell and that they are related to the tensor fields in a way reminiscent of the fake
curvature condition (5.2). Nevertheless, the algebraic structure is an example of a (1, 0)
gauge structure with matching gauge transformations. In our notation, the vector spaces
present are
0 −→ g −→ g× g , (5.26)
where g is a Lie algebra with Lie bracket [·, ·]. We will use the notation A = (ALAR) and α =(
αL
αR
)
to denote one-forms and functions taking values in g× g. The gauge transformations
take the following form:
δA = ∂α+
(
[AL, αL + αR]
[AR, αL + αR]
)
+
(
Λ
−Λ
)
,
δB = ∂Λ + 12 [AL +AR,Λ] +
1
2([AR, ∂αL]− [AL, ∂αR]) + [B,αL + αR] ,
(5.27)
where, as before, wedge products are implied, e.g. [AL,Λ] = [ALµ,Λν ]dx
µ ∧ dxν .
To make contact with the (1,0) gauge structure transformations (2.13) we set g = b = 0
and introduce the new shift of gauge parameters (α,Λ)→ (α,Λ + 2d(α,A)). Using (2.5a),
we obtain
δA = ∂α− f(A,α)− h(d(A,α))− h(Λ) ,
δB = ∂Λ + d(A, h(Λ)− ∂α)− 2d(α, h(B)) . (5.28)
With the following choice of maps12
h(g) =
(−g
g
)
, d
((
g1
g2
)
,
(
g3
g4
))
= 12([g1, g4] + [g3, g2]) ,
f
((
g1
g2
)
,
(
g3
g4
))
=
(−[g1, g3]− 12([g1, g4]− [g3, g2])
−[g2, g4]− 12([g1, g4]− [g3, g2])
)
,
(5.29)
the shifted gauge transformations (5.28) match (5.27) exactly.
Since this f does not satisfy the Jacobi identity, this is not a differential crossed module.
However since the above (1,0) gauge structure has trivial maps g and b, it is an example
of a (semistrict) Lie 2-algebra.
5.7. String Lie 2-algebras
Another interesting Lie 2-algebra related to M-theory dynamics is the string Lie 2-algebra
[33], defined in section 4.2. The Lie algebra g is put into the complex
0 −→ R −→ g , (5.30)
12A slightly different set of maps, which satisfy the constraints (2.5), was given in [2]. These, however,
do not lead to the gauge transformations of [6].
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and the Lie bracket and Killing form 〈·, ·〉 correspond to the maps
g = b = h = 0 , f(γ1, γ2) := −[γ1, γ2] and d(γ1, γ2) = 〈γ1, γ2〉 . (5.31)
This model describes an abelian tensor multiplet sourced by a non-abelian vector multi-
plet. It was originally found in [43] and it provided crucial inspiration for the development
of the (1,0) superconformal models of [2]. The equations of motion (2.23) now read as
H− = −
〈
λ¯, γ(3)λ
〉
,
∂/χi =
〈F/ , λi〉+ 2 〈Y ij , λj〉 ,
∂2φ = 2
〈
Y ij , Yij
〉− ∗2 〈F , ∗F〉 − 4 〈λ¯, ∂/λ〉 ,
(5.32)
where the field strengths are
F = ∂A+ 12 [A,A] and H = ∂B +
〈
A, ∂A+ 13 [A,A]
〉
. (5.33)
The gauge and supersymmetry transformations can be easily read off from (2.13) and
(2.22).
5.8. Chern-Simons Lie 3-algebra
In the Chern-Simons Lie 3-algebra csk(g) of a simple Lie algebra g, the map µ1 : L−1 → L0
is surjective. This map should be identified with the map h in a (1,0) gauge structure,
and because of (2.5d), this implies that f = 0. We therefore have to restrict ourselves to
abelian g. The Chern-Simons Lie 3-algebra csk(R) consists of the complex
R −→ R×R −→ R , (5.34)
with the following non trivial products
µ2
(
γ1,
(
λ
γ2
))
:=
(
kγ1γ2
0
)
and µ2
((
λ1
γ1
)
,
(
λ2
γ2
))
:= 2kγ1γ2 . (5.35)
Note that the chain complex (5.34) forms an exact sequence. By the identification of (1,0)
gauge structures and Lie 3-algebras based on exact sequences we set
g(λ) :=
(
λ
0
)
, h
(
λ
γ
)
:= γ , f = 0 ,
d(γ1, γ2) :=
(
kγ1γ2
0
)
, b
((
λ1
γ1
)
, γ2
)
:= 2kγ1γ2 .
(5.36)
The field strengths of A and B =
(
BL
BR
)
then read explicitly as
F = ∂A+BR and H = ∂B +
(
kA ∧ ∂A+ C
0
)
. (5.37)
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The gauge and supersymmetry transformations become
δA = ∂α− ΛR ,
δB = ∂Λ +
(
kA ∧ (∂α− ΛR)− 2kαF − Ξ
0
)
,
δC = ∂Ξ + 2k(∂α ∧BR + ΛR ∧ ∂A+ αH) ,
(5.38)
and
δφ = ε¯χ , δY ij = −ε¯(i∂/λj) + 2ε¯(iχj)R ,
δχi = 18H/ εi + 14∂/φ εi − k2
(∗(γλi ∧ ∗ε¯γλ)
0
)
, δλi = 14F/ εi − 12Y ijεj + 14φRεi ,
δB = −k
(
A ∧ ε¯γλ
0
)
− ε¯γ(2)χ , δA = −ε¯γλ ,
δC = − 2k ( BR ∧ ε¯γλ+ φRε¯γ(3)λ ) , (5.39)
while the equations of motion read as
H− = −
(
kλ¯γ(3)λ
0
)
,
∂/χi = k
(F/ λi + 2Y ijλj − 3φRλi
0
)
,
D2φ = 2k
(
Y ijYij − ∗(F ∧ ∗F)− 2λ¯∂/λ+ 2χ¯Rλ+ 8λ¯χR − 32φ2R
0
)
,
(5.40)
φRY
ij + 2χ¯
(i
Rλ
j) = 0 ,
4k(φRF + 2χ¯Rγ(2)λ) = ∗H(4) ,
φR∂/λi +
1
2∂/φRλi =
1
2F/ χRi + 14H/ Rλi − χjRYij + 32φRχR ,
(5.41)
where we used the notiation φ =
(
φL
φR
)
for fields φ ∈ R×R. Note that the field equations
all remain interacting.
5.9. Extreme Courant-Dorfman algebras
Finally, let us briefly comment on the example of extreme Courant-Dorfman algebras with
either h = 0 or d = 0 for which g is a Lie algebra. In the first case, g is a Lie algebra
endowed with an invariant quadratic form over h. Here, we obtain a free (1,0) vector
multiplet together with a tensor multiplet in the background of this vector multiplet.
Furthermore, the tensor multiplet fields do not interact among each other; all interactions
arise from source terms containing exclusively fields of the vector multiplet.
In the second case d = 0, g is a Lie algebra over h and h is a derivation with values
in the center of g. The definitions of F and H correspond to the fake curvature and the
curvature 3-form of a principal 2-bundle with strict structure 2-group. The action of the
covariant derivative becomes trivial on h, and we obtain an abelian free tensor multiplet
together with a free vector multiplet.
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Appendix
A. Strong homotopy Lie algebras
Recall that a strong homotopy Lie algebra or L∞-algebra is a graded vector space L = ⊕nLn,
equipped with graded antisymmetric multilinear maps
µi : L
∧i → L , i ≥ 1 , (A.1)
of degree 2−i, such that the following higher Jacobi relations are satisfied for each13 m ≥ 1
and homogeneous elements `1, . . . , `m:∑
i+j=m
∑
σ
χ(σ; `1, . . . , `m)(−1)i·jµj+1(µi(`σ(1), · · · , `σ(i)), `σ(i+1), · · · , `σ(m)) = 0 . (A.2)
Here, the sum over σ is taken over all (i, j) unshuffles. Recall that a permutation σ of
i + j elements is called an (i, j)-unshuffle, if the first i and the last j images of σ are
ordered: σ(1) < · · · < σ(i) and σ(i+ 1) < · · · < σ(i+ j). Moreover, χ(σ; `1, . . . , `n) is the
skew-symmetric Koszul sign defined implicitly via
`1 ∧ . . . ∧ `m = χ(σ; `1, . . . , `m)`σ(1) ∧ . . . ∧ `σ(m) , (A.3)
where ∧ is seen as a graded anticommutative operation.
In this paper, we will only be interested in L∞-algebras which consist of graded vector
spaces with non-positive gradings. If the degrees of the vector spaces Ln are further
truncated and the L∞-algebra is concentrated in degrees −n+ 1 to 0, we call the resulting
L∞-algebra a (semistrict14) Lie n-algebra or Ln-algebra.
There is an elegant alternative definition of an L∞-algebra that makes use of a nilpotent
differential. First, note that if we shift the grading of an L∞-algebra L by −1 and consider
L[−1] = ⊕nLn[−1], where Ln[−1] has now grading n − 1, the degree of all brackets µi
becomes +1. After the shift, we can define an L∞-algebra as a Z<0-graded vector space
L equipped with a differential D : ∧•L → ∧•L of degree 1, which satisfies D2 = 0. The
connection to the previous definition is made by decomposing
D = D1 +D2 +D3 + · · · (A.4)
13Sometimes, a zero-bracket is introduced in addition and L∞-algebras for which this bracket vanishes
(as in our definition) are called ‘strict’. This nomenclature unfortunately collides with that of a strict
n-category and we will not use it here.
14General (or weak) Lie n-algebras arise as categorifications of the notion of a Lie algebra, see e.g. [36].
In this paper, however, we only needed semistrict Lie n-algebras.
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and demanding that Di acts on elements of ∧iL as µi, and otherwise it is extended to a
coderivation via
µi(`1 ∧ · · · ∧ `m) =
∑
σ
χ(σ; `1, . . . , `m)(−1)i·(m−i)µi(`σ(1), · · · , `σ(i)) ∧ `σ(i+1) ∧ · · · ∧ `σ(m) .
(A.5)
From here, it is rather obvious that the condition D2 = 0 on ∧•L translates into the higher
Jacobi relations (A.2).
If all the homogeneously graded vector subspaces Ln of L are finite-dimensional, we can
dualize this construction and obtain the Chevalley-Eilenberg algebra CE(L) = (∧•L∗, Q) of
L, where Q is the dual of D. The Chevalley-Eilenberg algebra can be regarded as the
polynomials on the space L[−1] and Q : CE(L) → CE(L) becomes a homological vector
field of degree 1. Altogether, we thus reinterpreted an L∞-algebra in terms of a Q-manifold
as defined in [44].
References
[1] E. Witten, Some comments on string dynamics, proceedings of “Strings ‘95”, USC,
1995 [hep-th/9507121].
[2] H. Samtleben, E. Sezgin, and R. Wimmer, (1,0) superconformal models in six dimen-
sions, JHEP 1112 (2011) 062 [1108.4060 [hep-th]].
[3] H. Samtleben, E. Sezgin, R. Wimmer, and L. Wulff, New superconformal models in six
dimensions: Gauge group and representation structure, PoS CORFU 2011 (2011) 71
[1204.0542 [hep-th]].
[4] H. Samtleben, E. Sezgin, and R. Wimmer, Six-dimensional superconformal cou-
plings of non-abelian tensor and hypermultiplets, JHEP 1303 (2013) 068 [1212.5199
[hep-th]].
[5] I. Bandos, H. Samtleben, and D. Sorokin, Duality-symmetric actions for non-abelian
tensor fields, 1305.1304 [hep-th].
[6] C.-S. Chu, A theory of non-abelian tensor gauge field with non-abelian gauge symmetry
G×G, 1108.5131 [hep-th].
[7] C.-S. Chu and S.-L. Ko, Non-abelian action for multiple M5-branes, JHEP 1205 (2012)
028 [1203.4224 [hep-th]]; C.-S. Chu, S.-L. Ko, and P. Vanichchapongjaroen, Non-
abelian self-dual string solutions, JHEP 1209 (2012) 018 [1207.1095 [hep-th]].
[8] C.-S. Chu and P. Vanichchapongjaroen, Non-abelian self-dual string and M2-M5
branes intersection in supergravity, 1304.4322 [hep-th].
[9] C.-S. Chu and H. Isono, Instanton string and M-wave in multiple M5-branes system,
1305.6808 [hep-th].
28
[10] M. Akyol and G. Papadopoulos, (1,0) superconformal theories in six dimensions and
Killing spinor equations, JHEP 1207 (2012) 070 [1204.2167 [hep-th]]; M. Akyol
and G. Papadopoulos, Brane solitons of (1,0) superconformal theories in six dimen-
sions with hypermultiplets, 1307.1041 [hep-th].
[11] J. C. Baez, Higher Yang-Mills theory, hep-th/0206130.
[12] J. C. Baez and J. Huerta, An invitation to higher gauge theory, Gen. Relativ. Gravit.
43 (2011) 2335 [1003.4485 [hep-th]].
[13] D. Roytenberg, Courant-Dorfman algebras and their cohomology, Lett. Math. Phys
90 (2009) 311 [0902.4862 [math.QA]].
[14] J. Ekstrand and M. Zabzine, Courant-like brackets and loop spaces, JHEP 1103 (2011)
074 [0903.3215 [math-ph]].
[15] T. Voronov, Higher derived brackets and homotopy algebras, J. Pure Appl. Algebra
202 (2005) 133 [math.QA/0304038].
[16] S. Palmer and C. Saemann, M-brane models from non-abelian gerbes, JHEP 1207
(2012) 010 [1203.5757 [hep-th]].
[17] C. Saemann, Constructing self-dual strings, Commun. Math. Phys. 305 (2011) 513
[1007.3301 [hep-th]].
[18] S. Palmer and C. Saemann, Constructing generalized self-dual strings, JHEP 1110
(2011) 008 [1105.3904 [hep-th]].
[19] C. Saemann and M. Wolf, On twistors and conformal field theories from six dimen-
sions, J. Math. Phys. 54 (2013) 013507 [1111.2539 [hep-th]]; L. Mason, R. Reid-
Edwards, and A. Taghavi-Chabert, Conformal field theories in six-dimensional twistor
space, J. Geom. Phys. 62 (2012) 2353 [1111.2585 [hep-th]].
[20] C. Saemann and M. Wolf, Non-abelian tensor multiplet equations from twistor space,
1205.3108 [hep-th].
[21] L. Mason and R. Reid-Edwards, The supersymmetric Penrose transform in six dimen-
sions, 1212.6173 [hep-th].
[22] C. Saemann and M. Wolf, Six-dimensional superconformal field theories from principal
3-bundles over twistor space, 1305.4870 [hep-th].
[23] S. Lavau, H. Samtleben and T. Strobl, Hidden Q-structure and L3-algebra for non-
abelian superconformal models in six dimensions, to appear.
[24] J. Palmkvist, The tensor hierarchy algebra, 1305.0018 [hep-th].
29
[25] D. Roytenberg, On the structure of graded symplectic supermanifolds and Courant
algebroids, in: “Quantization, Poisson Brackets and Beyond,” ed. Theodore
Voronov, Contemp. Math., Vol. 315, Amer. Math. Soc., Providence, RI, 2002
[math.SG/0203110].
[26] Z.-J. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids, J. Diff. Geom.
45 (1997) 547 [dg-ga/9508013].
[27] D. Roytenberg and A. Weinstein, Courant algebroids and strongly homotopy Lie alge-
bras, Lett. Math. Phys. 46 (1998) 81 [math.QA/9802118].
[28] F. Keller and S. Waldmann, Deformation theory of courant algebroids via the Rothstein
algebra, 0807.0584 [math.QA].
[29] P. Severa, Some title containing the words ’homotopy’ and ’symplectic’, e.g. this one,
Trav. math. 16 (2005) 121 [math.SG/0105080].
[30] A. Kotov and T. Strobl, Generalizing geometry - Algebroids and sigma models, Con-
tribution to the Handbook on Pseudo-Riemannian Geometry and Supersymmetry, ed.
V. Cortes [1004.0632 [hep-th]].
[31] Y. Kosmann-Schwarzbach, Derived brackets, Lett. Math. Phys. 69 (2004) 61
[math.DG/0312524].
[32] J. Hartong and T. Ortin, Tensor hierarchies of 5- and 6-dimensional field theories,
JHEP 0909 (2009) 039 [0906.4043 [hep-th]].
[33] J. Baez and A. S. Crans, Higher-dimensional algebra VI: Lie 2-algebras, Th. App.
Cat. 12 (2004) 492 [math.QA/0307263].
[34] S. Cherkis and C. Saemann, Multiple M2-branes and generalized 3-Lie algebras, Phys.
Rev. D 78 (2008) 066019 [0807.0808 [hep-th]].
[35] P. de Medeiros, J. M. Figueroa-O’Farrill, E. Mendez-Escobar, and P. Ritter, On
the Lie-algebraic origin of metric 3-algebras, Commun. Math. Phys. 290 (2009) 871
[0809.1086 [hep-th]].
[36] D. Roytenberg, On weak Lie 2-algebras, in: “XXVI Workshop on Geometrical Methods
in Physics 2007,” ed. Piotr Kielanowski et al., AIP Conference Proceedings volume
956, American Institute of Physics, Melville, NY [0712.3461 [math.QA]].
[37] R. Zucchini, AKSZ models of semistrict higher gauge theory, JHEP 1303 (2013) 014
[1112.2819 [hep-th]].
[38] G. Barnich, R. Fulp, T. Lada, and J. Stasheff, The sh Lie structure of Poisson brackets
in field theory, Commun. Math. Phys. 191 (1998) 585 [hep-th/9702176].
[39] J. Baez and U. Schreiber, Higher gauge theory: 2-connections on 2-bundles,
hep-th/0412325.
30
[40] J. F. Martins and R. Picken, The fundamental Gray 3-groupoid of a smooth manifold
and local 3-dimensional holonomy based on a 2-crossed module, Diff. Geom. App. 29
(2011) 179 [0907.2566 [math.CT]].
[41] N. J. Hitchin, Lectures on special Lagrangian submanifolds, math/9907034.
[42] P. S. Howe, E. Sezgin, and P. C. West, Covariant field equations of the M-theory
five-brane, Phys. Lett. B 399 (1997) 49 [hep-th/9702008].
[43] E. Bergshoeff, E. Sezgin and E. Sokatchev, Couplings of selfdual tensor multiplet in
six-dimensions, Class. Quant. Grav. 13 (1996) 2875 [hep-th/9605087].
[44] M. Alexandrov, M. Kontsevich, A. Schwartz, and O. Zaboronsky, The geometry of the
master equation and topological quantum field theory, Int. J. Mod. Phys. A 12 (1997)
1405 [hep-th/9502010].
31
